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INTRODUCTION

The determination of stresses and deflections in concrete pavements
with joints and/or cracks has been a subject of major concern for several
years. Since all of the analytical (closed form) solutions were based on
an infinitely large slab with no, or at most one discontinuity, they could
not be applied to analysis of jointed or cracked concrete slabs of finite
dimensions, or with various load transfer systems used at the joints and
cracks.

With the development of high-speed computers and the powerful finite-
element method, it is possible to analyze concrete pavements in a more
realistic manner. Various models have been developed for analyzing pave-
ment systems using the finite-element modeling techniques. However, Tittle
was done in modeling joints and/or cracks with load transfer systems.

The finite-element computer program presented here is based on the
classical theory of meidum-thick plate on Winkler foundation, and is
capable of evaluating the structural response of the concrete pavement
system with joints and/or cracks. The model, which provides several options,
can be used for analysis of a number of problems which can be summarized as:

1. Jointed concrete pavements with load transfer systems at the

joints.

2. Jointed reinforced concrete pavements with cracks

having reinforcement steel at the cracks.

3. Continuously reinforced concrete pavements.

4. Concrete shoulders with or without tie bars.

5. Concrete pavements with a stabilized base or an overlay, by

assuming either a perfect bond or no bond between two layers.

6. Concrete slabs of varying thicknesses and modulus of elastici-

ties, and subgrades with varying modulus of supports.

1




GENERAL ASSUMPTIONS

The assumptions regarding the concrete slab, stabilized base, overlay,

subgrade, dowel bar, keywily, and aggregate in;er]ock can be briefly summarized
as follows:

1. The small-deformation theory of an elastic, homogenous medium-
thick plate can be employed for the concrete slab, stabilized base
and overlay. Such a plate is thick enough to carry transverse
load by flexure, rather than in plane force (as would be the case
for a thin membrane), and yet.is not so thick that transverse shear
deformation becomes important. In this theory it is assumed that
lines normal to the middle surface in the undeformed plate remain
straight, unstretched and normal to the middle surface in the
deformed plate, each lamina parallel to middle surface is in a
state of plane stress, and no axial or in-plane shear stress
develops due to loading.

2. The subgrade behaves as a Winkler foundation.

3. In case of a bonded stabilized base or overlay, full strain
compatibility exists at the interface, or for the unbonded case

ﬁ shear stresses at the interface are neglected.

4. Dowel bars at joints behave linearly elastic, and are located
at the neutral axis of the slab.

5. When aggregate interlock or keyway is used for load transfer
system, load is transferred from one slab to an adjacent slab by

means of shear. However, with dowel bars some moment as well as

shear may be transferred across the joints.
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MODEL ING TECHNIQUE

For modeling the concrete pavement slab, the rectangular plate element
with 12 degrees of freedom was used. Figure 1-a shows that at each node
there are three displacement components: a vertical deflection (W) in the
l-direction, a rotation (ex) about the X-axis, and a rotation (BY) about
the Y-axis. Corresponding to these displacement components there are three
force components: a vertical force (Pw), a couple about the X-axis (Pex)
and a couple about the Y-axis (PeY), respectively. For each element, these

forces and displacement can be related by matrix notation:

P}, = [K

e top * Kbottom * Ksub]e {D}e (1)

where [K Kbottom]e’ and [Ksub]e are the stiffness matrices of the

top-e’ [
top layer, bottom layer, and subgrade, respectively. {P}e is the force

vector and {D:b is the displacement vector of the slab element. For the
case where two layers (slab and stabilized base or slab and overlay) are
bonded, an equivalent layer based on the transformed section concept is

used to determine the location of the neutral axis of the element. The

following equations give the location of neutral axis for bonded two

layer system using the first moment of the equilvalent area of the

transformed cross section.

1 :
_ 7z (hy * hpdhy ‘f

a E (2)
h + £ .
t Et b
1
B=y(h +h)-a (3)

where a is the distance from the middle surface of the bottom layer to
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the neutral axis, B is the distance from the middle surface of the top
layer to the neutral axis, and ht’ hb’ Et’ and Eb are respectively,
thickness of the top layer, thickness of the bottom layer, modulus of
elasticity of the top layer and modulus of elasticity of the bottom
layer.

The bar element as shown in Figure 1-b with two degrees of freedom
per node is used to model dowel bars at joints. Two displacement compo-
nents at each node are: a vertical displacement (W) in the Z-direction,
and a rotation (eY) about the Y-axis. Corresponding to these two dis-
placement components are two forces: a vertical force (Pw) and a couple

about the Y-axis (P, ). The force-displacement relation (including shear

6
Y
deformation) for each bar element can be written as:

{P}b N [Kdoweljb {D}b (4)

where [K 1]b is the stiffness matrix of the dowel bars, {P}b is the

dowe
force vector, and {D}b is the displacement vector of the bar element.

The relative deformation of the dowel bar and surrounding concrete
is represented as the stiffness .of a vertical spring element (Figure 1-c)
between dowel bar and surrounding concrete at the joint face. The force-

displacement relation for this spring element can be written as:

A (5)

where KDCi is the stiffness of the spring element representing the dowel-
concrete interaction, F is the shear force on the dowel bar, and A is the
relative deformation of the dowel bar with respect to the surrounding

concrete at the joint face.

Neglecting the moment transfer (if any) across a joint or crack

o —e et . AT b



wnere load transfer is achieved only by means of aggregate interlock or
keyway, the spring element showa in Figure 1-c with one degree of freedom

per node is employed. The displacement component at each node is a verti-

cal displacement (W) in the Z-direction, and the corresponding force

component is a vertical force (Pw). The force-displacement relation for

a spring element can be written as:

{pP} = [KAgg]s {D}_ (6)

where [K is the stiffness matrix of the spring element, and {P}S is

Agg]
the force vector, and {D}S is the displacement vector for the spring element.

S

The overall structural stiffness matrix [K] is formulated by super-
imposing the effect of individual element stiffnesses using the topological
or the element connecting properties of the pavement system. The overall
stiffness matrix is used to solve the set of simultaneous equations having
the form:

{P} = [K] {D} (7)

where {P} is equivalent nodal forces for a uniformly distributed load over
a rectangular section of the concrete slab, and {D} is the resultant nodal
displacements for the whole system. The generalized stresses are then

calculated.




INPUT GUIDE FOR "ILLI-SLAB" FINITE-ELEMENT PROGRAM

The "ILLI-SLAB" finite-element program provides solution for the

deflections and stresses due to loading of concrete pavements with joints

E and/or cracks. Longitudinal and transverse joints may have any or a

combination of load transfer system such as dowel bars, aggregate interlock,

;g ‘ and keyways. ILLI-SLAB program is also capable of handling a stabilized

base or an overlay, by assuming either a perfect bond or no bond between

two layers. Thickness of the slab, concrete modulus of elasticity

and modulus of subgrade reaction can be varied from node to node.

The wheel loads may be applied to any slabs, and the stresses and

deflections at all of the nodes in the slab, stresses in the stabilized

base or overlay, vertical stresses on the subgrade, and transferred load

by dowel bars are computed.

The concrete pavement can consist of 1, 2, 3, 4, or 6 slabs

separated by one longitudinal and two transverse joints. The slabs are

numbered from 1 to 6, beginning from left to right in the direction of

X-axis, and from bottom to top in the direction of Y-axis. Each slab is

divided into rectangular elements of various sizes. The elements and

nodes are numbered consecutively from bottom to top along the Y-axis,

and from left to right along the X-axis. Joints are treated as rectangular

elements having zero width.
1 The program can accépt only fixed form type of format which is detailed below.

Card #1

N2X | N3X | N1Y | N2Y { NFOR

15 I5 IS 15 I5 15
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N2X
N3X

N2Y
NFOR

NI1X = number of nodes in X-direction in slabs

N1Y = number of nodes in Y-direction in slabs

number of loaded elements.

Card #2 (Use as many as needed)

numbe:r of nodes in X-direction in slabs

number of nodes in X-direction in slabs

number of nodes in Y-direction in slabs

1 and 4.
2 and 5.
3 and 6.
1, 2, and 3.
4, 5, and 6.

-

XC(I), I =1, NIX+N2X+N3X

8F 10.3

XC(I) = X - Coordinate of node I.

Card #3 (Use as many as needed)

YC(I), T =1, NIY+N2Y

8F 10.3

YC(I) = Y - Coordinate of node I.

Card #4

"~ NSLAB

NLAYER comp CK

I5 I5 F10.3

NSLAB = number of slabs, 1, 2, 3, 4, or 6.
NLAYER = number of layers, 1, or 2.
COMP = composite action factor, set COMP to 0 if no bond

exists between the slab and stabilized base or overlay,

and set COMP to 1 if complete bond.
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CK = set CK to the value of subgrade modulus if subgrade modulus

at all points are equal, and set CK to 0.0 if not.

Card #5
: “cn CED v(1)
¥ ) F10.3 E10.3 F10.3
CT1 = set CT1 to the value of the top layer thickness if thick-
ness of the top layer at all nodes are equal, and set CT]
g to 0.0 if not.
CE1 = set CE1 to the value of the modulus of elasticity of the
top layer if it is equal at all nodes, and set CEl1 to
0.0 if not.
V(1) = Poisson's Ratio of the top layer.

Card #6 (Read only if CT1 = 0.0, use as many as needed) i

COTI(1), 1= 1, ((NIX+N2X+N3X)* (NTY+N2Y))

8F10.3

TI(I) = thickness of the top layer at node I.

Card #7 (Read only if CEl = 0.0, use as many as needed)

CEI(I), 1 = 1, ((NTX+N2X+N3X)* (NTY+N2Y))

8E10.3

E1(I) = modulus of elasticity of the top layer at node I.




¥ Card #8 (Read only if NLAYER = 2)

d

cT2 CE2 v(2)

3 F10.3 £10.3 F10.3
3 CT2 = set CT2 to the value of the bottom layer thickness if

thickness of the bottom layer at all nodes are equal,

and set to 0.0 if not.

CE2 = set CE2 to the value of the modulus of elasticity of the .
;: bottom layer if it is equal at all nodes, and set CE2 to
‘ 0.0 if not.
V(2) = Poisson's Ratio of the bottom layer. |

Card #9 (Read only if CT2 = 0.0, use as many as needed)

O T2(1), T =1, ((NIX + N2X + N3X)* (N1Y+N2Y))

8F10.3

T2(1) = thickness of the bottom layer at node I.

Card #10 (Read only if CE2 = 0.0, use as many as needed)

E2(1), 1 =1, ((NIX + N2X + N3X)* (N1Y+N2Y)) .

8E10.3

E2(I) = modulus of elasticity of the bottom layer at node 1I.

Card #11 (Read only if CK = 0.0, use as many as needed)

" SUB(I), T = 1, ((NIX+NZX+N3X)* (NTY+N2Y))

8F10.3

SUB (I) = modulus of the subgrade reaction at node I.

10
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Ly Card #12 (Read only if N2X or N3X not equal to 0)

LTDX

I5

LTDX = type of load transfer in X-direction, set
LTDX = 0, if aggregate interlock or keyway
LTDX

1, if dowel bars

LTDX

2, if a combination of dowel bars and aggregate

interlock or dowel bars and keyway.

Card #13 (Read only if LTDX = 1 or 2)

~ DIN DOUT DE DS DL DIW DPR DCI

F10.3 F10.3 E10.3 F10.3 F10.3 F10.3 F10.3 E10.3

DIN = inside diameter of the dowel bars, set DIN to 0.0 for round

bars.
DOUT = outside diameter of the dowel bars
DE = modulus of elasticity of the dowel bars
DS = spacing of the dowel ibars
. DL = length of the dowel bars
DIW = joint width opening

DPR = Poisson's ratio of the dowel bars

DCI = dowel-concrete interaction
DCI for a round steel dowel bar may be determined from either Friberg's dowel
analysis or from the relation.developed based upon a three-dimensional dowel

analysis:

n




a) Friberg's Analysis

k0-75 2.5

D

0.041 p°-7° + 0.0004 k°-2°

DCI =

W
b) Three-Dimensional Analysis

£0.75
OCl = 15057 =0 0TO D) (0810 F 0,013 K (T + 0.2T4 W)

where

m
"

concrete modulus of elasticity, psi

dowel diameter, in.

n

slab thickness, in.

joint width opening, in.

x x = o
n

modulus of dowel support, pci

Card #14 (Read only if LTDX = 0 or 2)

Agg, X

E10.3

Agg,X = aggregate interlock factor. Use a large value, i.e.,

Agg,X = 108 for keyways.

Card #15 (Read only if N2Y not equal to 0)

o
LTDY

I5

LTDY = type of load transfer system in Y-direction, set

LTDY = 0,if aggregate interlock or keyway
LTDY = 1,1if dowel bars
LTDY = 2,if a combination of dowel bars and aggregate

interlock or dowel bars and keyway




Card #16 (Read only if LTDY = 1 or 2)

-

DIN

DOUT

DE

DS

oL

DJW

DPR

DCI

F10.3

F10.3

E10.3

F10.3

F10.3

F10.3

F10.3

E10.3

See Card #13 for notations.

Card #17 (Read only if LTDY = 0 or 2)

e

Agg,Y

£10.3

Card #18 (Read NFOR times)

Agg,Y = aggregate interlock factor.
8

Agg,Y = 10~ for keyway.

Use a large value, i.e.,

v

NEL PRS X1 X2 Y1 Y2
15 F10.3 F10.3 F10.3 F10.3 F10.3
NEL = element number of the loaded element
PRS = tire pressure
X1, X2 = lowerand upper limits of the loaded area in X-direction,
in element coordinate system (local coordinates).
Y1, Y2 = Tower and upper limits of the loaded area in Y-direction,

in element coordinate system (local coordinates).

13
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. TYPICAL EXAMPLES
Five example problems are presented here to illustrate various
applications of the "ILLI-SLAB" finite-element program, for determining

the response of the concrete pavement system due to loading. Following

e mnh o b Ao 1< At i A = 2 4

each example problem the finite-element mesh used for each problem, computer
inputs and outputs and a summary of maximum stresses and deflections of the

slabs, as well as load transferring systems are given.

Example 1, Jointed Concrete Pavement with Dowel Bars

Slabs = Two 25 ft. square panels.
Thickness = 12 in.
Modulus of elasticity = 5 x 106 psi
Poisson's ratio = 0.15

Load Transferring System = Round steel dowel bars

Inside diameter = 0.0

Outside diameter =1 1/4 in.

Spacing = 15 in.

Length = 24 1in.

Modulus of elasticity = 29 x 106 psi
Poisson's ratio = 0.29

Dowel-concrete interaction = 2.4 x 106
Joint Width = 0.10 in.

Modulus of Subgrade Reaction = 200 psi : ;

Load = 50,000 # at the center of joint in Slab 1

Contact pressure = 222 psi

Contact area = 15 ft. square
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Figure 2. FINITE-ELEMENT MESH CONFIGURATION USED FOR EXAMPLE
PROBLEMS 1, 2, and 3
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§6. CF NNDES IN X-DIFFCTICN SLABS  1,4= 7
o NG._OF NODTZS IN X LIGECTICK SLABS _ 2,5= 7 L o
NO. CF NODES IN X_DISECTICK SLABS  3,6= 0
_ NO. CP MCDES IN Y DIRPCTICN SLABS 1,2,3= 7
¥O. OF KODES IN Y_DIRECTICK SLABS 4,5,6= 0
—— X €SORDINATES ARE
0.0 60.000 . .
T A
Y-COORCINATES ARE:
0 6008 165000 — 15060 155, 600———240-030—
366,000~
NO. OF SLABS=
NO. OF LAYERS= 1
COMP. ACTION=

PROPERTIES OF THE TOF LAYER IS:

PEISSON-RAPEO—OP—FOP
THICKNESS OF TOP IAYER=

LER Fa¥
4 LI T We ¥

12.000

180
T

—4oDHLES—BT FOP Y EFe £, £605H7-
-1 = Ak

SUBGRADE MODULUS=

200. 000

TYPE OF LOAD TRANSFER IS STEEL BARS
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Example 2, Jointed Concrete Pavement with Aggregate-Interliock

Slab = Two 25 ft. square panels.
t Thickness = 12 in.
Modulus of elasticity = 5 x 106 psi

% Poisson's Ratio = 0.15

3 Load Transferring System = aggregate-interlock

Aggregate Interlock Factor (Agg) = 5 x 104 psi

Modulus of Subgrade Reaction = 200 pci

Load = 50,000 # at the center of joint in Slab 1

Contact pressure = 222 psi

Contact area = 15 in. square
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Example 3, Jointed Concrete Pavement with Keyway

Slabs = Two 25 ft. square panels
Thickness = 12 in.
Modulus of elasticity = 5 x 106 psi
Poisson's Ratio = 0.15

Load Transferring System = keyway

Modulus of Subgrade Reaction = 200 pci

Load = 50,000 # at the center of joint 1in Slab ]
Contact pressure = 222 psi

Contact area = 15 in. square
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Example 4, Keel-Section for Runway

Slab = 25 ft. square panel
Thickness of the center = 12 in.
Thickness of edge = 18 in.
Modulus of elasticity = 5 x 10° psi
Poisson's ratio = 0.15

Modulus of Subgrade Reaction = 200 pci

Load = 50,000 # at the center of thickened edge
Contact pressure = 222 psi

Contact area = 15 in. square
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Figure 10. FINITE-ELEMENT MESH CONFIGURATION USED FOR EXAMPLE
PROBLEM 4. '
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Figure 11. DISTRIBUTION OF STRESSES ALONG THE THICKENED EDGE SLAB
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txample 5, Stabilized Base

' Slab = 25 {'t. square panel

_Thickness = 12 in.
| Modulus of elasticity = 5 x 106 psi
i Poisson's ratio = 0.15

Base = Cement stabilized
Thickness = 6 in.
Modulus of elasticity = 1 x 106 psi

Poisson's ratio = 0.25

- TR <

Composite Action Factor (COMP) = 1

Modulus of Subgrade Reaction = 200 pci

Load = 50,000 # at center of edge

Contact pressure = 222 psi

Contact area = 15 in. square
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Figure 13. FINITE-ELEMENT MESH CONFIGURATION USED FOR EXAMPLE

PROBLEM 5
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